Proton-neutron (p − n) interactions and their various aspects in N ≈ Z nuclei of g 9/2 -and f 7/2 subshell are studied using a schematic model interaction with four force parameters proposed recently. It is shown that the model interaction well reproduces observed physical quantities: the double differences of binding energies, symmetry energy, Wigner energy, odd-even mass difference and separation energy, which testifies to the reliability of the model interaction and its p−n interactions. First of all, the double differences of binding energies are used for probing the p-n interactions. The analysis reveals different contributions of the isoscalar and isovector p − n pairing interactions to two types of double differences of binding energies, and also indicates the importance of a unique form of isoscalar p − n pairing force with all J components. Next, it is shown that this p-n force is closely related to the symmetry energy and the Wigner energy. Other calculations demonstrate the significant roles of p − n interactions in the odd-even mass difference and in the separation energy at N = Z.
I. INTRODUCTION
degeneracy of the T = 0 and T = 1 states in odd-odd nuclei with N = Z is produced by a balance of the symmetry energy and the J = 0 isovector pairing correlation. The lowering of the T = 0 states in N = Z odd-odd nuclei, according to our investigation [20, 21] , is caused by a unique form of isoscalar (p − n) pairing force including all J components. This result is consistent with that of Satula et al. [12, 13] The uniqueisoscalar p − n pairing force, which can be expressed in a simple form including the T (T + 1) term, manifests a close relation to the symmetry energy. We shall discuss this matter by a concrete calculation in this paper.
The odd-even mass difference (OEMD), the extra binding energy of a nucleus relative to its neighbors, is known to be an obvious experimental evidence of the pairing correlation [22] . The pairing phenomena are well understood in terms of the proton-proton (p − p) or neutron-neutron (n − n) pair condensate, and described by the Bardeen-CooperSchriefer(BCS) theory [23] . The OEMD is often interpreted as a measure of the pairing gap (following the relation 12/A 1/2 on the average) in medium-heavy and heavy nuclei. The OEMD displays, however a different feature in N ≈ Z nuclei such as a special increase at N = Z. An ordinary estimation of the neutron or proton pairing gap from the OEMD is not applicable to these nuclei. On the other hand, it has recently been discussed that the OEMD in light nuclei is affected by deformation as well as J = 0 pairing correlation [24] [25] [26] .
A further investigation of the OEMD should be made in N ≈ Z nuclei. We shall discuss the influence of the p − n interactions on the OEMD.
The development of recent radioactive nuclear beams facilities provides unstable nuclei beyond the line of proton stability. Experimental and theoretical investigations of proton emitters are increasing. Such phenomena allow a test of the various models on the protonrich side. For N ≈ Z nuclei, one can expect that the p − n interactions also influence the separation energy. Since the p − n force is considered to be attractive, it might increase the separation energy. In fact, the calculated separation energies by all models without the p − n interaction are smaller than those of experiments at the N = Z nuclei.
We need a reliable effective interaction to study the nuclear properties mentioned above.
We have proposed an extension of the P + QQ model with four forces [21] , which reproduces quite well the experimental binding energies and energy spectra in N ≈ Z nuclei of g 9/2 and f 7/2 subshells. This model interaction including different types of p−n forces is very suitable for our purpose to study various aspects of the p − n interactions. The main purpose of this paper is to study the p − n interactions, analyzing the double differences of binding energies, and to check the validity of our model examining various quantities such as the symmetry energy, the Wigner energy, the odd-even mass difference and the separation energy in nuclei near N = Z.
The paper is organized as follows. In Sec. II, we first review our model proposed in the previous paper. Sec. III contains the analysis of the double differences of binding energies to probe the p − n interactions. The symmetry energy and the Wigner energy are discussed in Sec. IV. In Sec. V, the odd-even mass differences are analyzed in detail, and the two-proton separation energies are calculated in Sec. VI. Finally, Sec. VII gives conclusions.
II. MODEL INTERACTION
We have proposed the following effective interaction extended from the P + QQ force which is composed of four isospin-invariant forces (see Ref. [21] in detail):
with
where p 0 (ab)= (2j a + 1)δ ab and p 2 (ab)=q(ab)=(a r 2 Y 2 b)/ √ 5. We use the notation JM and τ κ for the spin and isospin of a nucleon pair, respectively. The subscript ρ denotes the z components of isospin ± . We also use the notation ρ = π for a proton and ρ = ν for a neutron.
Here H sp is a single-particle Hamiltonian and V int contains the four forces: V (P 0 ) stands for the isovector monopole pairing force, V (QQ) for the isoscalar quadrupole-quadrupole force, V (P 2 ) for the isovector quadrupole pairing force and V τ =0 πν for the J-independent isoscalar p − n force. The first two forces in the interaction (3) are an extension of the conventional P + QQ force to the isospin-invariant one. The p-n part of the monopole and quadrupole pairing forces as well as the p −n component of the quadrupole-quadrupole force would be important for N ≈ Z nuclei. The last p − n force is very important for reproducing the experimental binding energy. It is important to note that V τ =0 πν can be expressed as a simple form
wheren denotes the total number operator of valence nucleons (n =n p +n n ) andT is the total isospin operator. Our p − n interaction is composed of four different components and hence is useful in analyzing their respective contributions to various physical quantities.
We applied the above hamiltonian to examine the binding energies and energy spectra of nuclei with A = 82 − 100 and A = 42 − 50 [21] . We adopted only the g 9/2 shell for nuclei with A=80-100 regarding the Z = N = 40 core as inactive, and the f 7/2 shell for nuclei with A=40-50 regarding the Z = N = 20 core as inactive. It may be necessary to extend these model spaces for quantitative discussion. Our calculation itself indicates the insufficiency of the model space (f 7/2 ) n about energy spectra. We used an extended model space (p 1/2 , g 9/2 ) n when comparing calculated energy levels with observed ones in nuclei with A ≈ 90, while experimental data near A = 80 seem to demand a further extension of the model space. The previous paper, however, has shown that the single j shell model is bearable for semiquantitative discussion about the nuclear binding energy. This simple model makes it possible to clearly see the roles of respective p − n interactions. We therefore employ the same single j shell model as that used in Ref. [21] , where the following force strengths are used:
Our model with these sets of parameters is considered to be reliable for studying the p-n interactions in connection with physical quantities related to the binding energy in the g 9/2
and f 7/2 shell nuclei. The mass dependence of the force parameter k 0 is taken into account in some cases, but it does not change qualitatively the result.
III. DOUBLE DIFFERENCES OF BINDING ENERGIES AND P-N INTERACTIONS
We define the mth double difference of binding energies as follows:
where B(Z, N) is the nuclear binding energy. Here the operator δ (m) is defined as
The double difference of binding energies, δV (1) (Z, N), was introduced for investigating the semiempirical mass formula [2] [3] [4] . This quantity is expected to roughly represent the p − n interactions between the last proton and neutron from the form of Eq. (15) . Figure 1(a) shows the plot of δV (1) (Z, N) as a function of A = N +Z for nuclei in the mass region A=16-165. Experimental data are taken from Ref. [27] . We see two separate groups in Fig. 1(a) , namely, one is for the even-A nuclei (dots) and the other is for the odd-A nuclei (crosses).
In both cases, shell effects at Z or N = 28, 40, 50, 82 are present, while the patterns of dots and crosses are symmetric with respect to the average curve. It is now convenient to divide δV (1) (Z, N) into two parts: the average part of the even-A and odd-A nuclei and the deviation from it. As seen in Fig. 1(a) , the former is approximately written as I 0 = 40/A and the latter has opposite signs for the even-A and odd-A nuclei as follows:
This expression was originally given by de-Shalit [4, 28] in the earliest investigations of the effective p-n interactions. Equation (16) (2) has a sign opposite to that of Brenner's etal. [8] .) The values of δV (2) show a different behavior from δV (1) . It is interesting that the staggering of δV (1) disappears in δV (2) (Z, N). We see large scatters of dots and crosses for A < 80. These correspond to δV (2) of nuclei in N ≈ Z, and the values of δV (2) at N = Z are especially large. With decreasing mass A, δV (2) at N = Z increases. If one neglects the dots and crosses in N ≈ Z nuclei, δV (2) varies rather smoothly. This smooth trend is clear for A > 80 and continues up to heavy nuclei. This is due to the fact that there is no stable N ≈ Z nuclei with A > 80. and shell structure is not found. This general trend of δV (2) has long been known, and was discussed in several papers. In a recent paper [8] , the dramatic spikes of δV (2) at N = Z light nuclei were discussed in terms of both schematic and realistic shell model calculations, and the importance of τ = 0 p − n interaction for the spikes was pointed out. The following relationship is derived from Eqs. (14) and (15):
Substituting the empirical relationship (16) into Eq. (17), in the large A limit we get
Thus, the systematic behavior of δV To analyze the double differences of binding energies, we now express the ground-state energy as follows:
where denotes the expectation value with respect to the ground state. Here,
is the p − n parts of the P 0 + QQ + P 2 force, and
and neutron-neutron (n − n) parts of the total interaction (3). Figure 2 shows
πν as a function of valence-neutron number n n for Nb and Mo isotopes. The p − n part of the P 0 + QQ + P 2 energy, E
, exhibits a characteristic odd-even staggering in
πν gives a smooth line except for n n = 1. On the other hand, for Mo
varies smoothly as n n increases, and indicates very different structure from that of Nb isotopes. This can be attributed to extra energy for the odd-odd nuclei, which mainly comes from the τ = 1 p − n part of the P 0 + QQ + P 2 force.
Consider the double difference of ground-state energies, δ (1) E(Z, N), using the operator δ (1) defined by Eq. (15) . Since there are almost no contributions from the single particle energy E sp and Coulomb interaction to the double difference of binding energies as seen in the form of Eq. (15), one notices that δ (1) E(Z, N) is able to be compared directly with the experimental value δV (1) (Z, N). Figure 3 shows the calculated and experimental double differences of binding energies, δ denote the τ = 1 components, and the third and fourth columns the τ = 0 components. Let us now analyze the staggering and the highest spikes at N = Z . In Table I , and others are very small. Thus it is clear that the τ = 1 p − n interaction of the P 0 + QQ + P 2 force is closely related to the large values of δV (1) at N = Z. On the other hand, δ (1) E(Z, N) for N = Z exhibits staggering as seen in Table I [also see at N = Z. The components of δ (2) E(Z, N) are shown for the Mo isotopes in Table II . It is seen that δ πν . Namely, we deduce an approximate relation
This is consistent with the argument that δV (2) (Z, N) vanishes if one neglects the τ = 0 p − n interaction in the shell model calculation with a surface δ interaction for the 2s − 1d
shell [8] .
Furthermore, we calculated δ (1) E(Z, N) and δ (2) E(Z, N) for the 1f 7/2 shell nuclei using the shell model (f 7/2 ) n with the force parameters (13). shell region . This supports our model Hamiltonian being applicable to a wide range of nuclei. The good agreement tells us that the results in the g 9/2 shell region are reliable and
give good predictions. It should be also noted that the approximate relation Eq. (24) holds in this 1f 7/2 shell region.
It is now meaningful that the p − n correlation energy E τ =0
πν is expressed as
for states with the total valence-nucleon number n and total isospin T from Eq. (6) . For N − Z > 1, we can easily show that
The global behavior of δV (2) (Z, N) depending on 40/A as seen in Fig. 1(b) combined with the relations (24) and (26) suggests that in a wide-range view the force strength k 0 might have 1/A dependence
(Strictly speaking, since the double difference δ Fig. 1(b) . This must be examined further. So far, we have not adopted the A dependence for the P 0 , QQ, and P 2 forces, because we do not have any strong demand to do so within the present calculations in a very tiny model space using a single j shell. It must, however, be necessary for our model when we make quantitative calculations in many j shells.
IV. SYMMETRY ENERGY AND WIGNER ENERGY
Let us next discuss the symmetry energy E sym = a sym (N −Z) 2 /A and Wigner energy E W using the same set of parameters as the in previous sections. The experimental data indicate that the symmetry energy accompanied by the Wigner energy is proportional to the T (T +1) where
πν includes the T (T + 1) term as seen in Eq. (25), both quantities must be closely related to the isoscalar p − n force V τ =0
πν . Figure 6 shows the symmetry energy coefficient a(A) = 4a sym in the expression E sym +E W = a(A)T (T +1)/A for the f 7/2 shell nuclei. The symmetry energy coefficient can be extracted by the treatment of Jänecke and Comay [29, 30] . We calculated the Coulomb-energy-corrected binding energies (5) symmetry in the single-j shell approximation. The total energy of
the single-j shell is specified by the total valence nucleon number n = n p + n n and the total isospin T as follows [9] :
where E sp , E P 0 and E τ =0
πν denote the expectation values of H sp , V (P 0 ) and V τ =0 πν with respect to ground states with n and T , respectively. From the coefficient of the T (T + 1) part in Eq. (28), the symmetry energy coefficientã(A) is expressed as
which is proportional to the sum of the force strengths g 0 and k 0 . The parameter set (12) gives the valueã(A) = 1.245A in the f 7/2 region. As shown in Fig. 6 , the symmetry energy coefficientã(A) almost describes that obtained with the total Hamiltonian including V (QQ) and V (P 2 ). Thus, we see that the symmetry energy in this region originates in the isoscalar p − n force V Eq. (29), which is consistent with the empirical formula. We can conclude that the isoscalar p − n force and isovector J = 0 pairing force are origin of both the symmetry energy and
Wigner energy. In particular, it is important to note that the isoscalar p − n interaction with all J components, not only J = 1, is crucial for reproducing the symmetry energy and the Wigner energy.
V. ODD-EVEN MASS DIFFERENCE
The odd-even mass difference in three-point and four-point expressions,
is often used to estimate the empirical pairing gap (for neutron) and to determine the pairing force strength. N ) for Cr the isotopes. The first and second columns denote the τ = 1 components, and the third and fourth columns the τ = 0 components. This situation is explained by illustrating the behavior of the respective interaction energies in Fig. 9 . The staggering of ∆ 3 (Z, N) in Fig. 7 is almost attributed to that of
in Fig. 9 . The straight lines of the interaction energies E These bends of the p − n interaction energies produce the increase of δV (2) around N = Z.
The bends give a special energy gain to the N = Z even-even nuclei, 44 Ti, 48 Cr, 52 Fe etc.
The α-like four-nucleon correlations in these N = Z nuclei can be interpreted in terms of the characteristic behavior of the p − n interactions in cooperation with the like-nucleon interactions [34] . According to Refs. [25, 26] , on the other hand, the OEMD in light nuclei is strongly affected by deformation originated in the Jahn-Teller mechanism [35] . It is interesting to see what interactions contribute to ∆ P 0 +QQ+P 2 ππ+νν being the main part of ∆ 3 . Table IV presents ππ+νν . Since the QQ correlation is intimately related to the nuclear deformation, the positive contribution of ∆ QQ ππ+νν is consistent with the conclusion of Ref. [26] . The contribution of quadrupole pairing force P 2 , however, is negative, and is larger than that of the QQ correlation for | N − Z |≥ 2. This is easily understood by the fact that the quadrupole pairing correlation breaks the J = 0 Cooper pairs of neutrons. The present calculation tells us that the quadrupole pairing correlation probably cancels the effect of the QQ correlation or the deformation on the OEMD value [25, 26] . at N = Z of the two graphs in Fig. 9 that illustrate the variations of the p − n interaction energies. The isovector p-n interactions of the P 0 + QQ + P 2 force and the isoscalar p − n force V τ =0 πν are important at N = Z also for ∆ 4 (Z, N).
VI. TWO-PROTON SEPARATION ENERGY
We have investigated several quantities related to the nuclear binding energy in the previous sections. The calculated data include binding energies of nuclei close to the proton drip line. It is interesting to look at the two-proton separation energy, experimental data of which has been accumulated by the radioactive beam. It provides the possibility for studying new decay modes such as diproton emission. Some nuclei around 48 Ni are expected to possibly be two-proton emitters. There is a large deviation between theory and experiment for the two-proton separation energy up to now. All the predictions by the Hartree-Fock (Bogoliubov) and relativistic Hartree-Fock (Bogoliubov) treatments [36, 37] underestimate the two-proton separation energies at N = Z nuclei. This discrepancy could be due to the lack of p-n interactions in these treatments. As seen in the OEMD in Sec. V, the p-n correlations cooperate with the p − p and n − n correlations especially at N = Z nuclei.
We can expect that the p − n interactions have a considerable influence on the two-proton separation energy.
We calculated the two-proton separation energies S 2p for the f 
VII. CONCLUSION
We have studied the p −n interactions using the functional effective interaction with four force parameters which reproduces the energy levels and binding energies of N ≈ Z nuclei considerably well.
First, we analyzed the double differences of binding energies δV (1) and δV (2) , because the two quantities are expected to directly represent the p − n interactions. Our effective interaction reproduces fairly well the experimental values of δV (1) and δV (2) , and their characteristic behaviors, in the g 9/2 and f 7/2 shell nuclei. The staggering of δV (1) is due to the competition between τ = 1 and τ = 0 components. The large spike of δV (1) at N = Z is attributed to the τ = 1 p − n interactions of the P 0 + QQ + P 2 foce, and that of δV (2) at N = Z contrarily represents the τ = 0 p − n interactions. The observed values of δV (2) with respect to mass A are approximated by the curve 40/A. This curve may be explained by granting an A dependence on the τ = 0 p-n force strength k 0 .
Second, our effective interaction has also reproduced well the symmetry energy and the Wigner energy for the f 7/2 shell nuclei. The strong τ = 0 p − n force V at N = Z. The characteristic behaviors of the p − n interaction energies at N = Z (see Fig.   9 ) have an important effect not only on the double differences of binding energies but in the odd-even mass difference.
We have briefly touched on the two-proton separation energy S 2p using the calculated binding energies. The calculation indicates a considerably large effect of the p − n force on
We noted the prediction of our calculation for S 2p near the f 7/2 proton drip πν , and the diamonds for the total p − n energy. :. .
